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m A B S T R A C T  

The importance of neutr ino processes in  t h e  f i n a l  s t a g e  

o f  s t e l l a r  evo lu t ion  is f u r t h e r  explored. A t  T > 

t h e  t r a n s f e r  of r a d i a t i o n  may be neglected r e l a t i v e  t o  t h e  

d i s s i p a t i o n  o f  energy due t o  t h e  pair  a n n i h i l a t i o n  process  

of neut r ino  production. 

a r e  t h e n  s u b s t a n t i a l l y  s impl i f ied  and p h y s i c a l l y  s i g n i f i c a n t  

s o l u t i o n s  may be obtained a n a l y t i c a l l y  by app l i ca t ion  o f  the 

v i r i a l  theorem. Under condi t ions  p r e v a i l i n g  i n  massive 

(M - 30 Mo) popula t ion  I s t a r s  (Type I1 supernova) a t  

T - 6x10’ OK it i s  found t h a t  t h e  r a t e  of stellar c o n t r a c t i o n  

due t o  neut r ino  emission processes  i s  close t o  t h e  speed of 

free f a l l .  This occurs  a t  a temperature below t h a t  a t  w h i c h  

the iron-helium phase change occurs i n  l a r g e  sca l e .  Consequently 

we  believe t h e  i r o n  helium phase change never occurs  i n  Type I1 

supernova 

3 x l o 9  OK 

The equat ions  of s t e l l a r  i n t e r i o r s  
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I. In t roduc t ion  and Summary 

It  is gene ra l ly  accepted t h a t  supernovae r e p r e s e n t  t h e  

f i n a l  evo lu t iona l  phase o f  some s t a r s .  To account for t h e  peak 

luminos i ty  of a supernova (- Id0 LO) 

ou tpu t  (- 1060 ergs) it is  necessary t o  cons ider  the energy 

t h a t  g i v e s  rise t o  a supernova explosion to  be due t o  the 

sudden fus ion  of a nuc lear  fue l .  

and i t s  t o t a l  energy 

This w a s  po in ted  o u t  

q u a . l i t a t i v e l y  by t h e  monumental a r t i c l e  of Burbidge, Burbidge, 

F o w l e r  and Hoyle(2) and l a t e r  discussed i n  m o r e  d e t a i l  by 

Hoyle and Fowler ( 3 )  . 
A necessary though not  s u f f i c i e n t  cond i t ion  f o r  a nuc lear  

f u e l  t o  be explos ive  i s  t h a t  the f u e l  must be capable  of 

y i e l d i n g  an adequate energy supply i n  a t i m e  less than  t h e  

explos ive  t i m e  s c a l e  of a s t ax ,  which i s  approximately the 

t i m e  fo r  a sound wave t o  be t r ansmi t t ed  across  t h e  s t a r .  

mis t i m e  s c a l e  i s  around 10-100 sec. 

On t h i s  premise Hoyle and Fowler excluded many possible 

nuclear  fue l s :  among these a r e  hydrogen and helium ( 3 )  . 
The t i m e  s c a l e  for  hydrogen burning involves  a b e t a  decay t i m e  

s c a l e  o f  around 300 seconds; t h i s  is  quite long. The helium 

r e a c t i o n  (3a r e a c t i o n )  is a t h r e e  body process and t h e  

in te rmedia te  product Be  i s  n e v e r  present i n  l a r g e  q u a n t i t i e s .  

Therefore helium is  excluded. As possible candida tes  for  

nuc lea r  f u e l  they  inc lude  C and N e  b 

e 

12 P 
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A s u f f i c i e n t  condi t ion  f o r  p o t e n t i a l l y  explosive nuclear  

f u e l  t o  explode w a s  furnished by Hoyle i n  1946(4) .  His 

mechanism is based on t h e  p r o p e r t i e s  o f  elements i n  s t a t i s -  

t i ca l  equi l ibr ium a t  high temperatures. H i s  idea is  a s  

f o l l o w s :  when t h e  temperature T i s  b e l o w  a c e r t a i n  c r i t i c a l  

temperature Tcr (which is  a func t ion  o f  d e n s i t y ,  b u t  i n  genera l  

is o f  the order of 7 BK ( b i l l i o n s  o f  degrees K) the equi- 

librium conf igu ra t ion  i s  such t h a t  over  90% of the c o n s t i t -  

uen t s  i s  Fern which h a s  the h i g h e s t  binding energy (around 

8.4 MeV per nucleon)). This equi l ibr ium conf igu ra t ion  (Fes6 ) 

is reached a t  a temperature of around 4.5 BK according t o  

a r e c e n t  estimate by A. G. W. Cameron(5). 

t u r e  T exceeds TCr, the  equi l ibr ium conf igu ra t ion  f o r  the m o s t  

abundant element suddenly changes f r o m  Fe6’ t o  H e  (-90% 

a t  a temperature somewhat g r e a t e r  than Tcr) which h a s  a b inding  

energy o f  around 6.8 Mev per nucleon. I n s i d e  a s t a r  the c e n t e r  

i s  h o t t e s t  and it is  t h e r e f o r e  safe t o  assume the t r a n s i t i o n  

takes place somewhere  i n s i d e  t h e  c e n t r a l  core o f  a s t a r .  

S ince  the core is a l ready  i n  s t a t i s t i c a l  equi l ibr ium,  there 

w i l l  no t  be nuclear  reactions t o  provide t h e  energy for  i ron-  

helium phase change , and g r a v i t a t i o n a l  c o n t r a c t i o n  is the 

only  energy source  l e f t .  A t  t h i s  temperature the thermal 

energy i s  around 3 x 10i7ergs/g whereas the Fe66+ He4 

When the tempera- 
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t r a n s i t i o n  w i l l  r e q u i r e  1.5 x 10leergs/g.  Therefore  the 

t r a n s i t i o n  w i l l  take place only a t  t h e  expense o f  a gravi-  

t a t i o n a l  c o n t r a c t i o n  -- and such c o n t r a c t i o n  w i l l  n o t  r a i s e  

the temperature of t h e  m e d i u m  u n t i l  the t r a n s i t i o n  is 

completed, 

and t h e  c e n t r a l  core e s s e n t i a l l y  c o l l a p s e s ,  This means t h e  

t i m e  scale for evo lu t ion  of the c e n t r a l  co re  is  comparable t o  

the t i m e  scale for  free f a l l  toward the c e n t e r ,  so t h a t  

h y d r o s t a t i c  equi l ibr ium loses  i t s  meaning i n  such a r ap id  

evo lu t iona l  phase. 

This  w i l l  cause great mechanical i n s t a b i l i t y  

I n  t h e  o u t e r  region where nuc lear  f u e l  is s t i l l  a v a i l a b l e ,  

a c o l l a p s e  i n  t h e  c e n t e r  necessa r i ly  raises the temperature 

r a p i d l y  -- and because of  the steep dependence of nuc lear  

r e a c t i o n  rates on temperature ( the temperature dependence 

i s  roughly exp (- 85 ) ( 3 )  a p o t e n t i a l l y  explos ive  nuc lear  
To IP 

f u e l  w i l l  qu ick ly  release a l l  i t s  energy, t h u s  producing 

an explosion. 

Hoyle and Fowler d iv ide  pre-supernova stars i n t o  t w o  

c a t e g o r i e s  corresponding t o  the two types  of supernovae. 

The pre-supernova star t h a t  g i v e s  rise t o  Type I1 supernova 

(mostly found i n  the arms of galaxies) i s  very  massive 

(M - 30 Mo) and t h e  c e n t e r  of such stars is  never degenerate.  

This paradoxical f a c t  w a s  explained i n  their  o r i g i n a l  paper, ( 3 )  
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I n  such cases the implosion t a k e s  place and causes  explosion,  

Type I supernovae are less massive and t h e  c e n t e r  i s  q u i t e  

degenerate.  The implosion never r e a l l y  t a k e s  p l a c e  and the 

nuclear  f u e l  undergoes sudden fus ion  by a process described 

i n  R e f .  (3 ) .  

I n  th i s  paper w e  s h a l l  pursue the problem of the s t ruc -  

t u r e  o f  pre-supernova stars o f  Populat ion I ,  Type I1 super- 

novae i n  s o m e  de t a i l ,  including the effect  of the r e c e n t l y  

d iscussed  a n n i h i l a t i o n  process  of neut r ino  product ion w h i c h  

h a s  a h ighe r  neut r ino  emission r a t e  t h a n  any other known 

processes of neut r ino  production i n  stars (lo). 

model o f  Hoyle and Fowler we get d i f f e r e n t  r e s u l t s  from 

t h e i r s  a s  t o  the cause of i n s t a b i l i t y  of a Populat ion I ,  

Type I1 supernova s t a r ,  However, t h e i r  main conclusions 

Using t h e  

concerning nucleosynthesis  remain unchanged. W e  f i n d  tha t  

the temperature a t  w h i c h  iron-helium conversion t a k e s  p l a c e  

i s  no t  reached before  t h e  explosion takes p l a c e  i n  

t h e  nuc lea r  f u e l  rich region. 

I1 , Neutrino Process 

(6-11) 
A nuniber of neut r ino  processes  have been i n v e s t i g a t e d ,  

The r e l a . t i v e  importance o f  these processes h a s  been summarized 

i n  R e f  , (11). H e r e  we  shal l  concern ou r se lves  w i t h  the 

annih i la . t ion  process o f  neutr ino production: (10) 
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e- + e+ + v + u (2.1) 

w h i c h  have been shown t o  be most important i n  the temperature 

regime 10' OK - lo1' OK. A machine c a l c u l a t i o n  of the r a t e  

of energy loss due to process (2.1) has been performed . 
I n  (2.1) the e lec t ron-pos i t ron  p a i r  i s  c rea t ed  i n  

Fig. 1 and Fig. 2 

(12) 

equilibrium w i t h  thermal r ad ia t ion .  

reproduce the r e s u l t  of Ref. (12) .  For a non-degenerate medium 

mately given as (11 r 

dU 

d t  
- - V = 4.3 x lo1' Tg9 8 Te > > 6  (2.3) 

T 
w h e r e  T = and U is the energy dens i ty .  The s u b s c r i p t  

109 OK 

V 1 s  used t o  i n d i c a t e  the f a c t  t h a t  t h i s  energy is l o s t  t o  

neu t r inos ,  The e f f e c t  o f  degeneracy on (2.2) and (2.3) i s  

complicated (Fig,  2),Awhen T - 5 x l o 9  OK, 
t-I u d 4 J P  c, 

p - l o 7  g/cma 

degeneracy 1 s not important (121 

A t  T = 5 bK an empir ical  formula (extra .c ted from 

Fig. 1 1  which desc r ibes  the  neu t r ino  process  (2.1) t o  a satis- 

f a c t o r y  degree of accuracy is;  
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where E is t h e  energy per gram of m a t t e r ,  and the  &&script 

V has  t h e  same meaning as above, 

111 . B a s i c  Equations 

The basic equat ions of stellar s t r u c t u r e  a r e s  

dP GM 
d r  ' P  - =  

3 I C P L  dT 
dr 4ac T3 4T@ 
- =e- 

where P is t h e  pressure ,  p 

( r a d i a t i v e  ) 

(3.3) 

(3-4) 

the'  dens i ty ,  M t h e  m a s s  that  

is contained i n s i d e  t h e  sphere of  symmetry of r ad ius  r, 

L 

s p h e r i c a l  s h e l l  of  r ad ius  r, Lis t h e  n e t  energy produced 

p e r  u n i t  mass a t  r,  % is t h e  opac i ty  p e r  u n i t  m a s s .  The 

rest of t h e  symbols have t h e i r  usua l  meaning ( a l l  symbols 

are defined i n  Appendix I.) Typical s o l u t i o n s  o f  Eqs, (3.1)- 

is t h e  t o t a l  f l u x  of  energy t h a t  passes  through t h e  

(3.4) may be found i n  s tandard t e x t  books (13) 
0 

Eq,(3,1) describes t h e  s t r u c t u r e  o f  a s ta r  i n  hydro- 

s ta t ic  equilibrium and E ~ ~ ( 3 . 2 )  e s s e n t i a l l y  de f ines  M. 

E q s ,  (3 .3 )  and (3.4) need spec ia l  discussion.  
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Eq. (3 . 3) has been ex tens ive ly  discussed 'la). I t  has been 

argued tha. t  t h e  energy t h a t  is l o s t  t o  neu t r inos  i s  seve ra l  

orders o f  magnitude greaker  than the observed luminosi ty  of 

stars. Therefore, w e  are j u s t i f i e d  i n  neglec t ing  t h e  r a d i a t i o n  

the value of $- : energy produced per cm', = 1 
d M  d r  4m2 p 

i s  then  zero.  assumes t h e  following form: 

where v i s  t h e  volume occupied by a u n i t  m a s s ,  E i s  thermal 

Pdv dE i s  the rate a t  
d t  d t  

- - -  - energy per u n i t  mass; the term 

which energy i s  provided by gra .v i ta t iona1  cont rac t ion :  

- - dEv 
d t  

For f u r t h e r  d e t a i l s  see Ref.(l4) . 
is  t h e  rate a t  w h i c h  energy i s  l o s t  t o  neut r inos .  

Eq. (3.4) describes the t r a n s f e r  o f  ra .d ia t ive  energy i n s i d e  

stars. The importance of radiative energy t r a n s f e r  may be 

est imated as f o l l o w s :  i f ,  during the whole l i f e  of a star 

t h e  amount of r a d i a t i v e  energy t h a t  f l o w s  i n t o  a given volume 

is  s m a l l  compared to  i ts  t o t a l  thermal energy conten t ,  t hen  

t h e  role  played by ra .d ia t ive  energy t r a n s f e r  i s  unimportant. 

Usual ly  t h e  t o t a l  amount of r a .d i a t ive  energy t h a t  flows i n t o  

a given volume i n  the to ta l  l i f e  t i m e  o f  a star i s  l a r g e  

compared t o  its thermal energy conten t .  But i n  the case where 
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the pair a n n i h i l a t i o n  neutr ino process plays a p r i n c i p a l  role, 

this is n o t  t r u e  as w e  shall show below.  

A t  T = 5 BK, p = 107g/Cm3 (these va lues  are c o n s i s t e n t  

w i th  the estimate of Hoyle and Fowler for Populat ion I pre- 

supernova star)(3), t h e  r a d i a t i v e  energy f that flows across 

a u n i t  area i n  t i m e  8 i s  given by  

From Eqs.(3.4) and (3.6) we have 

Assuming the source  o f  opac i ty  is due t o  e l e c t r o n  Thomson 

s c a t t e r i n g ,  91 assumes the value 0.19 (15). Other sources  

of opac i ty  are relatively unimportant (16). 7 dT may be 
d r  

estimated as follows: the region where the neut r ino  p rocess  

is dominant may con ta in  masses up t o  20MO: the d e n s i t y  may 

be taken to  be l o 7  g/cm3: the  r a d i u s  is around 10acm : t h e  

temperature a t  the c e n t e r  is taken t o  be 5 BK. Therefore, 

the average temperature g rad ien t  is around 

P u t t i n g  the numerical va lues  of the various q u a n t i t i e s  

i n t o  Eq, (3.7) we o b t a i n  
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(3.9) 

w h e r e  
= P  , r = r/lo8cm. W e  may T 

8 
T, = - 10' OK 

r e m a r k  t h a t  i n  genera l  

much i n  the course of s te l lar  evolut ion.  

PooT3 and ye w i l l  not be changed very 

The energy tha t  i s  t ransmi t ted  (E  ) i n t o  a u n i t  
T ? A N Y  

= 10, T = 5, re = 10,  
ps 9 

volume is, f o r  

w s .  10% 8 ergs/cm3 

The t o t a l  energy conten t  i s  

E E,, + E,, 

Ems 

U T  

3NkT/cm3 = 6.23 x 1024ergs/cm3 

(3.10) 

(3.11) 

EmD = aT4 = 4.72 x 10a4ergs/cm3 

T = 5 x 10' OK 

E zz 1.1 x 10  ergs/cm 

8 lo5  sec 

a5 
1 *T 

where N i s  t h e  e l e c t r o n  number d e n s i t y  

Later  we s h a l l  demonstrate, assuming t h a t  r a d i a t i v e  transfer 

may be neglected,  t h a t  ca t a s t roph ic  explosion w i l l  occur  i n  a 

t i m e  c l o s e  t o  100 seconds a t  T = 5 BK. Therefore neg lec t ing  
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t h e  r a d i a t i v e  energy t ransfer  is se l f - cons i s t en t .  

W e  now s t a t e  t h e  v i v i a l  theorem which f o l l o w s  from Eqs. 

(3.1) and (3.2) (I7). 

energy of t h e  s t a r  (Eq. (3 .14) ) .  

It will be used i n  de r iv ing  t h e  t o t a l  

J3PdV = .f-- = -E3, 
r 

The t o t a l  energy of  t h e  s t a r  (E+-==) i s  

E E + E h t  = -$3PdV + [EPdV +Ot 5'" 

(3.13) 

(3.14) 

where E is t h e  i n t e r n a l  energy per u n i t  mass ( i n  our case  

E i s  nea r ly  a l l  thermal energy] and EP = U, t h e  thermal 

The numerical value o f  (z - 1> a t  T = 5 x 1 p ~ ,  
E? 

p = lo' g/cm" is less than 0.1 (See Appendix 11). 

Now t h e  s t a r  may be divided roughly, b u t  unambiguously, 

i n t o  two p a r t s :  t h e  co re  and the envelope. I n s i d e  the core 

t h e  neut r ino  process  i s  dominant, whereas i n  t h e  envelope t h e  

neut r ino  process  i s  r e l a t i v e l y  unimportant. 

The t o t a l  energy of a star decreases  when the s t a r  

r a d i a t e s  energy, 

i s  s t i l l  a v a i l a b l e , . t h e  r ad ia t ed  energy comes from t h e  burning 

o f  nuc lea r  f u e l  and g r a v i t a t i o n a l  energy is not r e l eased  to  

I n  t h e  o u t e r  envelope where nuc lear  energy 
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mainta in  equi l ibr ium. I n  the core th i s  is not  so. The only  

energy source i s  g r a v i t a t i o n a l  con t r ac t ion ,  s i n c e  i n  t h e  core 

a l l  t h e  nuc lea r  f u e l  has already burned. The rap id  d i s s i p a t i o n  

of energy through t h e  neutr ino process  (2.1) causes  t h e  core to 

c o n t r a c t  r a p i d l y ,  t hus  decreasing ETo, Grav i t a t iona l  energy 

i s  r e l e a s e d  through the decrease of  E, o r ,  and i s  r a d i a t e d  away 

a s  neu t r inos  

Therefore ,  it is  logica.1 t o  w r i t e :  

-- E,,, - - -- dUu d V  
d t  sdt  

(3.15) 

where - dU, i s  t h e  ra te  of energy loss  due to  neu t r inos  per 

u n i t  volume. From Eq.(3.14) and (3.15) w e  have 

- 
d t  

(3.16) 

As we shal l  see i n  Appendix 11, 2 is not  s e n s i t i v e  
EP 

t o  T and p (a.nd consequently t, t h e  t i m e )  i n  t h e  temperature 

and d e n s i t y  regime we consider.  W e  may t h e r e f o r e  w r i t e  

(3.17) 

by d e f i n i t i o n )  

S ince  a l l  r a d i a t i v e  t r a n s f e r  processes a r e  n e g l i g i b l e  
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as compared to t h e  neutr ino process ,  we equate  the  i n t e g r a l s  

f o r  the same s p h e r i c a l  s h e l l  of  m a s s ,  Therefore  we  have 

t h e  following equation: 

(3.18) 

Eqe ( 3  ,181 replaces Eqe (3  a41 . The subscript M emphasizes 

t h e  fact t h a t  t h e  l e f t  hand and t h e  r i g h t  hand s i d e  refer to  

t h e  same s h e l l  m a s s  element. 

I n  de r iv ing  Eq.(3.181 we  have neglected t h e  role played 

by t h e  envelope and a l so  the  k i n e t i c  energy imparted t o  t h e  

con t r ac t ing  material of the s ta r ,  W e  s h a l l  review these  p o i n t s  

later. 

I V .  -of t he  B a s i c  Equations 

The equat ion of  r a d i a t i v e  t r a n s f e r  (3-41 has  been 

replaced by the following equation (3.18). 

3P 

I) 

I n  Sect. I T  we o b t a i n  t h e  form of - as 
K 

where A and n a r e  constants :  

A = 7.4 x l P 1  

N = 9,2 

T,, = 5 BK 

(4.11) 
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Th i s  equat ion may be viewed as a genera l ized  Stefan-Boltzmann 

equation f o r  neut r ino  emission. The value of N approaches 

9 i n  t h e  r e l a t i v i s t i c  l i m i t  (KT > mc? ) .  

3P dE W r i t e  - -  Cv , ( - -  1 ) S '1 N 

dT €P 

Then Eq. (4.1) becomes 

(4.4) 

(4.5) 

The subscripts M have been  dropped-they are t o  be under- 

s tood i n  the sequel.  

Eq.(4.5) may be coupled wi th  Eq.(3.5) t o  solve for T 

and p as func t ions  of t for cons tan t  M. Eq. (3.5) is 

- ( P ! g +  d E )  + & = O  dt 
Since v i s  t h e  volume occupied by a u n i t  mass, v = - 1 

p 
Thus, Eq.  (3.5) becomes 

P d E d T  A T 
( - -  - *-  - - - _  
Tv p2  d t  d T  d t  p 

S u b s t i t u t i n g  Eq. (4.5) i n t o  Eq. (4.6) we have 

P dT 
P2 d t  d t  

W e  w r i t e  P = PRT.  Then Eq. (4.7) becomes: 

0 dT 
P dt V d t  

- =  - RT - (1 + T) c 

The s o l u t i o n  of Eq.(4.8) is: 

(3.5) 

(4.7) 



where P ( M , O )  

and T a s  fun 

and T(M,O)  a r e  
15 

t h e  i n i t i a l  d i s t r i b u t i o n s  of  P 

( l + r l ) &  ,= a t i o n s  of M a t  - = 0. The exponent 
R 

i s  close t o  3 ,  s i n c e  

cv = 2.7R 
(4.10) 

N 

rl = 0.1 

The Of cV i s  from a t a b l e  prepared by Chandrasekhar (18). 

S u b s t i t u t i n g  Eq, (4.9) i n t o  Eq. (4.5) we obta in :  

dT 

d t  
rlcv - 

t h e n  - -  dT - gtn-a 
d t  

The s o l u t i o n  o f  Eq.(4.13) is  

T- (n-a-1) 

- (n-a-1) 
= g t  + cons t .  

A t  t = 0, T = T (0): so Eq.(4,14) becomes 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 
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Substituting g into the coef f ic ient  of t in Eq.(4.15) 

Now 

and 

Define dE 
T =  

(4.16) 

(4.17) 

(4.18) 

1: i s  the relaxation t i m e  for cooling by neutrinos. Then 

Eq. (4.16) becomes: 

T l  7 

Define t = -  I. so that  
O B  

(4.19) 

(4.20) 
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From R e f .  (12) 8 (also see Sect. 11) p = 6 x IoFg/cm, a t  

T. h. 

3 
= 5, ‘L a 10 sec. q 0.05 (See Appendix I I ) (  n -a -1)Z 5, 

t h u s  t = 0.01 T Z  10  see and a t  Ts = 6.9, /o= 10’ g/cma, 

11:*100 sec, t QL 1 sec. 

Mathematically T = a a t  t = t m  . 

(D 

m 

It i s  very tempting 

t o  a s s i g n  t 

may n o t  do t h i s  because Eq.(4.20) h a s  been obta ined  wi th  the 

assumption t h a t  t h e  h y d r o s t a t i c  equilibrium cond i t ion  

(Eqs. (3.1) and (3.2) a r e  s t r i c t l y  va l id .  W e  have neglected 

the r a d i a t i o n  p r e s s u r e  and used a number of other approximations, 

a s  the t i m e  scale fo r  s t e l l a r  co l l apse ,  But we 
(D 

Phys ica l ly  t may be assigned as the characteristic t i m e  
m 

for  the evo lu t ion  of the core. When t approaches t the 

k i n e t i c  energy of the con t rac t ing  mass of  t h e  core is  a l r eady  

so great tha t  the condi t ion of h y d r o s t a t i c  equi l ibr ium 

( E q ~ ~ ( 3 . 1 )  and (3.2)) do not provide an ahpate  d e s c r i p t i o n ,  

The k i n e t i c  energy c o m e s  f r o m  g r a v i t a t i o n a l  c o n t r a c t i o n  so that  

w e  must add another  term o n  t h e  r ight  hand s i d e  of Eq. (3.18) 

and Eq,(3,1) t o  t a k e  care of it. 

th i s  term e f f e c t i v e l y  inc reases  the rate o f  c o n t r a c t i o n  and 

the e f f e c t  i s  to  make t even s m a l l e r - - w h i c h  means the 

c o n t r a c t i o n  process proceeds even f a s t e r .  

ab 

I n  the case of Eq.(3.18) 

(D 

What is the rate of c o n t r a c t i o n  o f  the core? To estimate 

it w e  need t o  work o u t  both the spatial and the t i m e  dependence 

of p and T,  f r o m  which we may o b t a i n  t h e  rate of shr inkage 
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o f  t h e  core. W e  s h a l l  solve a p a r t i c u l a r  model i n  t h e  next  

sect ion,  

V. The -Contraction Rate of a S p e c i f i c  Model 

We shall use t h e  model f o r  Type I1 supernova s tud ied  by 

Hoyle and Fowler(3) ,  

assumptions: 

Thei r  work is based on t h e  fol lowing 

1) The m a s s  o f  the s t a r  i s  divided between the core and 

the envelope i n  the r a t i o  2: l .  

2) The core, w i t h  near ly  cons t an t  p, , possesses a 

s t r u c t u r e  s i m i l a r  t o  that  of main sequence stars of uniform 

composition, known t o  be similar t o  t h a t  of the s tandard  

(19) model 

2M 
1 - = 0,0030 (3Mo) vE 4 4  j3 

is  t h e  ra t io  o f  gas pressure  t o  to ta l  p re s su re ,  I n  t h e  

(3)  work of Hoyle a.nd Fowler p E =  2.1. Eqs.(5.1) and (5.2) are 

taken  f r o m  Ref. (3) , 

From Eq.(5,2) w i t h  M = 30 M m  t hey  obta ined  p 0.4, 

Eq,  (5.1) b e c o m e s  

(5.3) 
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W e  now compute t h e  ra.te of c o n t r a c t i o n  of t h e  core 

wi th  the parameters given by  their  model. 

w i t h  Eqs. (3.1) and (3 ,2 ) ,  allows u s  t o  so lve  f o r  and T 

Eq. (5.3), together 

as func t ions  of r. This  involves  the use  o f  t h e  s o l u t i o n  o f  

t h e  s tandard  Lane-Emden equat ion of index n = 3 (20) . 
The s o l u t i o n s  are: 

4/3 1/3 4/3 k 4 3 1 - A  

P = c ( -  1 -  p Z K P  PF mP a B4 
(5.4) 

n = p o l y t r o p i c  index, ( = 3 i n  o u r  ca.se) 

where e ( 7 )  is t h e  Lane-Emden func t ion  of index 3 normalized 

so that  8 (0) = 1. f! ( 5 )  has a zero  a t  5 = F;, z 6.9 

which i s  taken to  be t h e  n a t u r a l  boundary o f  the core. 

a table prepared by Chandrasekhar (21), f o r p  = 0.4, 

3 

3 

From 

M 
(&I pz 
i n  t h e  co re  is around 20 M g  so t h a t  t h e  r a d i u s  of the core is  

= 87.04 a t  7 = 5 '  . For p = 2.1 the  m a s s  contained 
E 

Re = a? ,  * 6-90.. The m a s s  of the core determined i n  t h i s  

way equa l s  2/3 (30%) which i s  c o n s i s t e n t  wi th  assumption (1). 



i n c r e a s e  according t o  Eq. (4.9) and Eq. (4.20). 

1 
I O  

1 
1 
I 
I 
8 

Eq.(4,9) and (5.3) a r e  o f  the same form. Therefore  i n  

I I 
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From Eq.  (4.9) : 

and from the numerical va.lues of q and C '  v and Eq.(4.10) 

w e  f i n d  the exponent ( l + ? ) C  /Ris  very close to  3, Eq.(4.9) 
V 

w i t h  this exponent i s  t h e  same  equat ion  used by Hoyle and 

Fowler . This model s t a r  t h e r e f o r e  c o n t r a c t s  homologously. 

I n  the log p - l o g  T plane t h e  i n i t i a l  s t r u c t u r e  i s  a 

s t r a i g h t  l i n e  o f  slope 3. The m a x i m u m  absc i s sa  and o r d i n a t e  

o f  the l i n e  a r e  determined by the va lues  o f  p and T a t  the 

c e n t e r  of the s t a r .  Later a s  t i m e  e l a p s e s  P, and T c  w i l l  

E q s ,  (5.5) and (5.6) the t i m e  dependence appears i n  ,nc and 

T c  only.  The r a d i u s  of t h e  c o r e R c  = 6.9~ . The t i m e  r a t e  
cv 

of change o f  Re is then  

6.9 da dRc 
d t  d t  

- - =  

Assuming 8 ,  pE a r e  not r a p i d l y  varying func t ions  of 
I 

t ,  then 

J -  - ai 
- 
d t  
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I 
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N u m e r i c  a1 l y  

I 
1 
I 

I 
I 

I 
I 
I 
I 
I 
I 

I5 
= 2.8 X 101- 

1 / 3  
3 

G = 6.67 x locp 
dn - v3 d h p C  - =  - 0.387 X 10”pc 
d t  dt 

mC d u  1 1  -y! dlnp, 
d t  d t  

-6.,qd, = -2.7 x 10 Pc - =  

For 
= io7  qiw 3 

FC 

From Eqs.(4.20) and (4.9) we have 

1 3 
Ym=T - - dlnPc 

d t  t e n  ( 1 - L )  
t, 

(5.11) 

(5.12) 

(5.13) 

( 5 . 13a.) 

(5.14) 

9 0  
A t  T = 5 x 10  K, t, = 10  sec and the c o n t r a c t i o n  r a t e  

7 
of the core i s  close t o  7.5 x 10  cm/sec a t  t = 0 ( a s  h a s  been 

remarked i n  Sect .  IV, 

most reliable r e s u l t s  near  t = 0 ) .  A t  T = 6.9 x 10 K, the 

t h i s  method c a l c u l a t i o n  w i l l  g ive  t h e  

4 0  

c r i t i c a l  temperature for iron-helium conversion, t, = 1 see, 

the c o n t r a c t i o n  r a t e  of the core a t  t = 0 is  7.5 x 10  cm/sec. Y 

The r a d i u s  of t h e  core Q is ugl = 6.9a . Numerically 

a t  p, = 10’ g / d  



Y2 -x 
R, = 6.9 x [$) [ P C  (t)] = 3 .7  x lo9  c m  

The con t rac t ing  t i m e  scale, r c O n ,  , defined as  

R, 

22 

(5.15) 

(5.16) 

is  around 50 seconds a t  T = 5 x loQ OK and only  5 seconds 

a t  T = 6.9 x lo9 OK. This i s  comparable t o  the  free f a l l  t i m e  tFF 

which is given by 

(5.17) 

For our case, R, = 3.75 x loe  an, M, = 20 Ma, tFF 

This  c a l c u l a t i o n  demonstrates t ha t  a t  T = 6.9 x lo" OK a 

condi t ion  very s i m i l a r  t o  f r e e  f a l l  condi t ions  obta ins .  This 

free f a l l  condi t ion i s  i n i t i a t e d  by the r ap id  energy loss due t o  

5 sec. 

neut r ino  emission. Obviously a b e t t e r  computation may be m a d e  

s t a r t i n g  a t  l o w e r  temperatures (say,  2 BK) taking i n t o  account 

t h e  k i n e t i c  energy of  t he  cont rac t ing  m a s s ,  and t h e  p o s s i b l e  

t r a n s f e r  of  r a d i a t i o n  energy, and following the evolu t ion  of 

the  core t o  the  "implosion" po in t .  Whatever these re f ine -  

ments may add, we be l i eve  nuclear  f u e l  capable  of  undergoing 

fus ion  i n  a s h o r t  time sca l e  and w i l l  s t a r t  t o  explode i n  

t h e  envelope somewhat before  the temperature i s  reached i n  

the  core  a t  which the iron-helium conversion occurs  i n  l a r g e  

scale. The r e s u l t i n g  explosion i s  be l ieved  t o  be a supernova. 
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V I .  Discussions 

I n  t h e i r  paper  ( 3 )  Hoyle and F o w l e r  s t a t e d  tha t  the c o l l a p s e  

o f  t h e  core is due t o  the iron-helium phase change. W e  have 

found, a t  t h e  temperature a t  which t h e  phase changes, t h e  core 

i s  a l r eady  c o l l a p s i n g  because of energy d i s s i p a t i o n  by neut r ino  

emission. I n  o u r  c a l c u l a t i o n  we have neglected t h e  p a r t  of 

t h e  g r a v i t a t i o n a l  energy t h a t  becomes k i n e t i c  energy of t h e  

c o n t r a c t i n g  mass. I f  t h i s  k i n e t i c  energy i s  taken i n t o  account 

t h e  free f a l l  cond i t ion  w i l l  be achieved a t  a temperature even 

l o w e r  than 6.9 x 10 K. A f t e r  t h e  supernova i s  formed, we  

axe n o t  c e r t a i n  t o  what degree t h e  iron-helium conversion may 

have proceeded, s i n c e  it is  not  a necessary cond i t ion  f o r  

co l lapse*  . 

9 0  

This c a l c u l a t i o n  i n d i c a t e s  t h a t  a proper theory  for 

presupernova stars should include the dynamics of a c o n t r a c t i n g  

core due t o  the neut r ino  process.  

* A. G. W. Cameron ( p r i v a t e  communication) suggested a model 
f o r  popula t ion  I presupernova s t a r s  i n  which t h e  c e n t r a l  
d e n s i t y  a t  T = 6.9 x l o q  OK is around l o q  g/cm3. 
model t h e  ca.use o f  s t e l l a r  collapse would be e n t i r e l y  due to  
i ron-he1 i u m  conversion . 

I n  such a 
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Fiqure Captions 

Fig. 1. The rate of energy l o s s  due t o  the  a n n i h i l a t i o n  

process  (2.1) log ,  i s  p l o t t e d  a g a i n s t  T 

f o r  d i f f e r e n t  values  of  lo%No, w h e r e  No is  the 

number dens i ty  fo r  e l e c t r o n s  excluding p a i r s  

( R e f .  (12) ).  l o s N o  = 0 corresponds to  a m a t t e r  

dens i ty  of 3 x l o 6  p, 9/cm3 where pe i s  t h e  molec- 

u l a r  weight f o r  e lec t rons .  dUV is measured i n  
d t  
- 

u n i t s  of ergs/cma-sec and T i n  u n i t s  o f  BK. 

N u m b e r s  a t t ached  to  curves are values  of  log,No. 

Fig.  2. The rate of energy l o s s  of (2.1) as a funct ion 

of dens i ty .  lo%( :>) is p l o t t e d  a g a i n s t  

log,No f o r  d i f f e r e n t  values  of  To TS is  T 

measured i n  BK. 
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APPENDIX I -- TABLE OF NOTATIONS 

a 

A 

I 
1 
I 
1 
1 
I 

I 
1 
I 

U 

B 

B 

BK 

C 

c, 
dE 
d t  
- 

Etot 

E 

E 

g r  

Eint 

f 

k 

K 

K 

Stefan-Boltzmann Constant (= 7 -55 x e r g ~ / ( O K ; ~ - s e c )  

m a s s  number of a nucleus 

(1 + q  1% 
R 

ra t io  of gas  p re s su re  t o  to ta l  p re s su re .  

See Eq. (4.16) 

= l o 9  OK (one B i l l i o n  degrees  g e l v i n )  

l i gh t  v e l o c i t y  (= 3 x lor0 cm/sec) 

specific h e a t  a t  cons t an t  volume 

the rate of neut r ino  energy loss i n  e r g s  per gram per sec 

t h e  t o t a l  energy of = star ( i n  e r g s )  

t h e  to ta .1  g rav i t a . t i ona1  energy -f a star 

the i n t e r n a l  energy ( i n c l u d i n g  therma.1 energy and 
Fermi energy) i n  e rgs  per gram 

the t o t a l  i n t e r n a l  energy o f  the s t a x  

rate o f  n e t  energy release per gram of stellar m a t t e r  

i n t e g r a t e d  r a d i a t i v e  energy f l u x  from 5 = 0 t o  t = 8 

See Eq- (4.13; 

g ra .v i t a t iona1  cons t an t  (= 6.67 x lo-* d ma g'2) 

Boltzma.nn c o n s t a n t  

See Eq.(5.4) 

o p a c i t y  c o e f f i c i e n t  
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electromagnet ic  luminosity (tot a1 e l e c t r c a a g n e t i c  
energy f l u x  o f  a star) ( i n  ergs/sec) 

solar luminosi ty  (= 3-78 x 10~ergs /sec)  

m a s s  i n s i d e  a shel l  of r a d i u s  r 

m a s s  of pro tons  

solar mass (= 1,985 x 10a3g) 

average number of nucleons per e l e c t r o n  

p o l y t r o p i c  index 

- -  3p 1 
EP 

pres su re  

d e n s i t y  ( i n  g-an-") 

i n i t i a l  va lue  of dens i ty  

gas  cons t an t  (= 0.32 x 10"aergs mole-' deg"', 

t i m e  

temperature ( i n  OK) 

c r i t i c a l  temperature f o r  iron-helium 

T i n  u n i t s  of  BK 

i n i t i a l  va lues  of T 

r e l a x a t i o n  t i m e  for coo l ing  by n e u t r  

phase change 

nos. See Eq.(4.15 

c o n t r a c t i o n  t i m e  scale. See Eq. (5.16) 

energy d e n s i t y  ( i n  e r g s  ~ m - ~ )  

rate o f  neut r ino  e n e r g y  loss per cm3 per sec 

specific volume (volume occupied by  a u n i t  of m a s s  
= l / p )  ( i n  a n 3  9-l) 

volume ( i n  u n i t s  of cm3) 

atomic number 
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I 
8 

I 
1 
1 
1 
I 
I 

I 
1 
I 

H e r e  we  t a b u l a t e  a few numbers for 3P a s  a ( - -  l ) i T  
EP 

func t ion  of T. The dens i ty  is taJcen f r o m  the equat ion 

P = 4.3 x io4 T~, g/m3. 

1 

5 

6 

7 

log ,  P 

4.6332 

5,5362 

6.0654 

6,4392 

6.7323 

6.9684 

7,1682 

7 =(% - 1) 

0.675 

0.180 

0,092 

0.024 

0.027 

0.034 

0,035 

- 3P is  obtained a s  follows: 
EP 

P i nc ludes  t h e  r a d i a t i o n  p r e s s u r e  

and e l e c t r o n  p res su re  ( inc luding  pairs) and EP = U is  t h e  

energy d e n s i t y  o f  r a d i a t i o n ,  e l e c t r o n  pair  energy ( inc luding  t h e i r  

rest energy] and the e l e c t r o n i c  energy (less the rest energy) .  

The reason we inc lude  the rest energy of pairs t o  t h e  t o t a l  energy 

d e n s i t y  i s  t h e  energy of  c r e a t i n g  pairs is suppl ied  by the 

g r a v i t a t i o n a l  con t r ac t ion .  The va lues  o f  P and EP a r e  taken 
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from a. machine calculation of energy and pressure integrals 

of an electron gas and radiation i n  equilibrium. This 

calculation (performed by S .  Tsuruta) i s  t o  be published. 

In the above table the contribution of heavy nuclef is 

not included s ince they do not a l t er  the value of 3p 
EP 

by more , 

than 276, and that of by more than 0.02. 


